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Theoretical Solutions for Dynamic Characteristics of Spiral-Grooved Liquid Seals
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aKey Laboratory of Fluid Transmission Technology of Zhejiang Province, Zhejiang Sci-Tech University, Hangzhou, P. R. China; bZhejiang
Institute of Mechanical & Electrical Engineering Co., Ltd, Hangzhou, P. R. China

ABSTRACT
Annular seals represent one of the solutions for controlling leakage in high-speed turbomachinery,
especially in multistage centrifugal pumps. In this article, a theoretical analysis method for leakage
rate and dynamic characteristics of spiral-grooved liquid seals based on the theory of Iwatsubo
and Childs is proposed. Steady-state velocities and leakage rate are figured out first with the iner-
tia term of the fluid within the seals. Subsequently, governing equations for the land part and the
groove part including the axial momentum equation, circumferential momentum equation, and
continuity equation are respectively built. A solution method for calculating the rotordynamic
characteristics that has taken account of the circumferential velocity perturbation change with the
axial location is developed by solving the first-order governing equations. Detailed comparisons
between the experimental leakage rates and theoretical predictions show good agreement.
Moreover, dynamic coefficients predicted by the proposed method are compared with the theor-
etical and experimental results of Iwatsubo. The results show that the predicted stiffness of the
present solution method correlates well with the experimental evidence with an error of less than
35% in the given examples, which validates the analysis method developed in this article. The pre-
dicted accuracy of stiffness and damping coefficients has improved substantially compared to the
accuracy of the solution method proposed by Iwatsubo.
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Introduction

Annular liquid seals are primarily used to control the leak-
age in turbomachinery, especially in multistage centrifugal
pumps such as boiler feed pumps and other heavy-duty
pumps. The leakage flow within the seals not only contrib-
utes to an increase of loss generation, but also induces fluid
forces, which has significant effects on the rotordynamic
characteristics of the pump. In order to investigate the phys-
ics of the leakage flow and its influence on the rotordynamic
behavior of the whole pump, the fluid-induced force is sim-
plified as a series of rotordynamic characteristics of annular
seals based on a linear kinetic model. With the improvement
of hydraulic performances of pumps, liquid annular seals
that will facilitate superior rotordynamic characteristics
while providing good leakage control are in great need. Due
to the inward pumping actions, spiral-grooved liquid seals
will minimize the leakage rate, as well as generating load
capacity and stiffness, which will contribute a lot to the
improvements in hydraulic performance and pump reliabil-
ity. Therefore, these seals are gradually being used in heavy-
duty pumps for coal chemical and petrochemical industries.

For decades, researchers and engineers have done lots of
work on the sealing and dynamic characteristics of annualr
seals with spiral grooves or other kinds of grooves based on

the bulk-flow model, which does not consider the fluctua-
tions in local velocities due to turbulence or the shape of
the velocity profiles but only relate average fluid velocity to
wall shear stresses. Vohr and Chow applied the
Elrod–Ng–Pan turbulence theory to the dynamic analysis of
spiral-grooved journal bearing (1) and the static analysis of
spiral-grooved seals (2) operated in a turbulent regime. Zuk
(3) analyzed the static characteristics of the spiral-grooved
seal by solving the Navier–Stokes equation with a finite dif-
ference method. Iwatsubo (4–6) refined Kostyuk’s model for
gas labyrinth seals by introducing the time dependency of
area change and theoretically analyzed the static and
dynamic characteristics of parallel-grooved, spiral-grooved,
and double spiral-grooved seals based on those for spiral-
grooved bearings. However, in these theoretical analyses, the
fluid governing equations included only the axial momen-
tum equation and the continuity equation, but ignored the
circumferential momentum equation and the changes of cir-
cumferential velocity perturbation with the axial location,
which is not adequate for liquid annular seals because of the
high axial and circumferential Reynolds numbers.
Nordmann et al. (7) and Kim (8) studied the leakage and
dynamic characteristics of parallel-grooved and spiral-
grooved seals by introducing equivalent roughness coeffi-
cients in both the circumferential and axial directions based
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on Hirs’s turbulent lubrication theory and “fine groove” the-
ory. Florjancic (9) and Marquette (10) developed a three-
control-volume approach for liquid circumferentially
grooved seals, featuring an excellent description of the flow
inside the groove cavity. Nagai (11) introduced an oblique
coordinate system to the static analysis of a spiral-grooved
seal, in which the governing equations included the effects
of fluid inertia and energy loss during the passage between
the groove and land parts. A series of experiments for leak-
age flow rates was conducted to verify the proposed method.
Additionally, Pape and Vrakking (12), Ketola and McGrew
(13), and Stair and Hale (14) gave the sealing performance
of spiral-grooved seals in turbulent regime by an experimen-
tal method. Kanki and Kawakami (15) and Iwatsubo et al.
(16) experimentally investigated the leakage characteristics,
load capacity, and dynamic characteristics for spiral-grooved
seals with helical angle less than 20 degrees. Childs and
Nolan (17,18) tested the leakage rate and dynamic character-
istics of 7 sets of spiral-grooved seals whose helical angle
varied from 0 to 70 degrees. Childs (19) tested the leakage
and rotordynamic charateristics of three grooved seals with
helix angles of 0�, 15, and 30� against rotation, and com-
pared the characteristics of honeycomb seals of the same
size. Proctor and Delgado (20) tested a noncontacting finger
seal operating adjacent to a herringbone-grooved rotor
under various operating conditions.

With the development of computational fluid dynamics
(CFD), the sealing and dynamic characteristics of annular
seals with complex geometries have been investigated using
CFD-based methods. In this method, the fundamental
Navier–Stokes equations for fluid flow within the seal clear-
ances can be solved by dividing an arbitrarily shaped volume
of fluid into a discrete number of nodes at which unknown
variables like velocity, pressure, and all the details of the
flow field can be solved in theory, which makes the dynamic
prediction more accurate. Bhattacharya (21), Nielsen (22),

Kirk and Gao (23–25), and Untaroiu (26,27) made further
implementation and validation for the steady-state whirling
rotor model for the predictions of dynamic forces and leak-
age rate of seals with different grooves including stepped
grooves and circumferential grooves. Chochua and Soulas
(28), Yan et al. (29), and Nielsen et al. (30) investigated the
hole-pattern seal and convergent honeycomb seal using the
CFD-based Instationary Perturbation Model (IPM) and
compared the results with the results of experiments and
ISOTSEAL bulk-flow code. Sivakumar et al. (31) developed
a computational framework based on combined three-
dimensional (3D) finite-element (FE)/CFD methodology and
numerically investigated the influence of centrifugal growth
on the rotor dynamic characteristics of a typical rotating
straight-groove gas seal.

The improved prediction capabilities of CFD method
come at much higher computational costs. Therefore, CFD-
based methods are mainly used only in the research field,
while theoretical prediction procedures based on the bulk-
flow model are still the main method for calculating leakage
rate and dynamic characteristics in engineering. Extensive
theoretical analysis for leakage flow rate and dynamic char-
acteristics of spiral-grooved seals is still needed.

In this article, a systematic solution method for dynamic
characteristics of spiral-grooved liquid seals (SGLSs) is pro-
posed based on bulk-flow model. The present analysis of the
performance of SGLSs combines the prior steady flow charac-
teristics analysis performed by Iwatusbo (5) with the solution
method for governing equations formulated by Childs (32). It
is noted that in the present method, the circumferential
momentum equation and circumferential velocity perturbation
terms that are neglected in Iwatsubo’s solution method will be
retained. The steady-state velocities and pressures and the leak-
age rates considering pumping actions of the spiral grooves are
solved first based on the solutions proposed by Iwatsubo. Then
a solution method for governing equations including the axial

Nomenclature

C ¼ direct damping
Cl0 ¼ mean clearance of the seal
c ¼ cross-coupled damping
H ¼ clearance function
Is ¼ thread number
K ¼ direct stiffness
k ¼ cross-coupled stiffness
L ¼ length of the spiral-grooved seal
Ll ¼ land width in the f-direction
Lg ¼ groove width in the f-direction
N ¼ number of stages

P, DP ¼ pressure difference
Pe ¼ effective pressure difference
T ¼ groove depth
R ¼ seal radius

Requ ¼ equivalent radius
Reh ¼ circumferential Reynolds number
u ¼ fluid velocity
t ¼ time
x ¼ x-direction
y ¼ y-direction
a ¼ spiral angle

c ¼ divergent flow angle
E ¼ eccentricity ratio, induced as the perturbation coefficient
k ¼ friction coefficient
l ¼ dynamic viscosity
s ¼ shear stress
t ¼ kinematic viscosity
n ¼ pressure loss coefficient
q ¼ fluid density
X ¼ whirling velocity
x ¼ rotating speed

Subscripts

0 ¼ zeroth-order perturbation solutions
1 ¼ first-order perturbation solutions
g ¼ groove portion
l ¼ land portion
s ¼ spiral-grooved seal
z ¼ z-direction
f ¼ f-direction
g ¼ g-direction
h ¼ h-direction
in ¼ inlet pressure loss

out ¼ outlet pressure loss
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momentum equation, circumferential momentum equation,
and continuity equation, as well as dynamic characteristics, is
developed similar to the finite-length solution method pro-
posed by Childs. Moreover, detailed comparisons are con-
ducted between theoretical and experimental leakage rates,
rotordynamic characteristics, and hydraulic forces coefficients
conducted by Iwatsubo to validate the proposed solu-
tion method.

Theoretical analysis

Modeling

In this article, a smooth-stator/spiral-grooved-rotor seal is
selected as the research model and the spiral angle is less
than 15 degrees. Figure 1 shows a spiral-grooved rotor. As
shown, there are two kinds of parts within the grooved
rotors: the land parts and the spiral groove parts, which play
an active role in restricting leakage flow from the high-pres-
sure side to the lower pressure side. The enlarged radial
clearances between the rotor and the stator, combined with
large pressure differences and low viscosity liquids, make the
flow in the clearance paths highly turbulent. Hence, the
Reynolds equations that have been used for bearings and
viscoseals are not adequate (33).

Referring to Iwatsubo’s analysis (5), a g–y–f coordinate
system is built as shown in Figs. 2a and 2b to analyze the
static characteristics of the spiral-grooved part. The g-direction
and f-direction are respectively set parallel and perpendicular
to the groove direction. Flow between the groove land and the
stator along the g-direction is approximated as a flow between
two parallel plates, and the flow in the groove is approximated
as the flow in a rectangular-cross-sectional tube. The vortex in
the f-direction of the spiral-grooved seal is supposed to diverge
with the angle c and then go to the next land, as shown
in Fig. 2c.

Leakage flow rate of spiral-grooved seals

Pumping flow within spiral-grooved seals is the result of the
component of rotational velocity of spiral-grooved rotor
along the groove direction. This flow will increase the resist-
ance to the axial flow, while retarding the development of
circumferential flow in the direction of shaft rotation, which
is known as the “pumping effect” of spiral-grooved seals. Effective pressure difference across the spiral-grooved part is

the result of operating pressure and the pumping effects
induced by spiral grooves. The pressure difference generated
by the pumping effect is described based on the experimen-
tal results of Vohr and Chow (2). The equivalent pressure
difference due to the pumping action is shown as Eq. [A.1]
provided in Appendix A and is thoroughly discussed in
Vohr and Chow (2) and Iwatsubo et al. (5).

Fluid flows within the land part and the groove part are
analyzed separately. Besides, the fluid velocities within each
part in g- and f-directions are derived separately according
to a pressure equilibrium between the effective pressure dif-
ference and pressure losses due to wall friction, the inlet and
outlet contraction effect. The pressure equilibrium relationsFigure 1. 3D model of a spiral-grooved rotor.

Figure 2. (a) Front view of the spiral-grooved rotor. (b) Expanded top-view fig-
ure of the spiral-grooved rotor. (c) Cross-sectional view of the spiral-
grooved part.
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in the g-direction and in the f-direction within the land
region are provided as Eq. [A.2] and Eq. [A.3] of
Appendix A.

Similar to the analytical method for straight labyrinth
seals proposed by Iwatusbo (4), the total pressure drop
across the spiral-grooved part in the f-direction is the sum
of pressure losses of each stage as stated in Eq. [1]:

P�DPpumping ¼ ðN� 1Þ � ðDPlfk þDPlfout
0 þDPgfk þDPlfin

0Þ
þDPlfk þDPlfin þDPlfout

¼ ðN� 1Þ �
�
1
2
qklfulf0

2 2Ll
Cl0

þ 1
2
qð1� nlfout

0Þulf02

þ 1
2
qkgfulf0

2 Lg
2Cl0

þ 1
2
qð1þ nlfin

0Þulf02
�

þ 1
2
qklfulf0

2 2Ll
Cl0

þ 1
2
qð1þ nlfinÞulf02

þ 1
2
qð1� nlfoutÞulf02

[1]

Fluid velocities ulg0, ugg0, and ulf0 can be figured out by
solving Eq. [A.2], Eq. [A.3], and Eq. [1], respectively. The
friction factors klg, kgg, klf, and kgf are determined by Hirs’s
turbulent lubrication equations developed in 1974 (34). The
inlet and outlet pressure loss coefficients nlgin, nlgout, nggin,
nggout, nlfin, nlfout, nlfin’, nlfout’ are determined referring to
Iwatsubo’s theoretical approach for spiral-grooved seals in
Iwatsubo et al. (4) and Iwatsubo et al. (5). Therefore, the
steady flow velocities in the axial and circumferential direc-
tions uhl0, uzl0, uhg0, and uzg0 and total leakage flow rate Q
can be obtained by Iwatubo’s equations shown in
Appendix A.

Rotordynamic characteristics of SGLSs

Governing equations
In the present research, the “fine groove” assumption is
used to account for grooving patterns on the spiral-grooved
seal surface. Under the assumption, only the average varia-
bles across a land and a groove at every point along the seal
length direction should be solved to calculate the dynamic
characteristics of spiral-grooved seals, while the actual saw-
tooth profile of pressure and the actual variation of veloc-
ities along the seal length are not required. The wall shear
stresses, velocities, and pressure for grooved seals in the ana-
lysis follow this averaging concept coupled with the bulk-
flow model. Governing equations including the continuity
equation, circumferential momentum equation, and axial
momentum equation are built, and the shear stresses are
discussed in detail in Iwatsubo et al. (5). The equations and
stresses are listed in Appendix A.

The present analysis for dynamic characteristics of spiral-
grooved seals is begun by substituting szl, szg, shl, and shg
(listed from Eq. [A.9] to Eq. [A.12]) into the governing
equations (demonstrated as Eq. [A.6] to Eq. [A.8]). Thus,
governing equations for the land and the groove part are
respectively obtained in the following.

For the land part:

@H
@t

þ @ Huhlð Þ
R@h

þ @ Huzlð Þ
@z

¼ 0 [2]

qH
@uhl
@t

þ uhl
@uhl
R@h

þ uzl
@uhl
@z

� �
¼ �H

@Pl
R@h

� qkzluzl uhl � 1
2
Rx

� �
[3]

qH
@uzl
@t

þ uhl
@uzl
R@h

þ uzl
@uzl
@z

� �
¼ �H

@Pl
@z

�qkzlu
2
zl [4]

For the groove part:

@H0

@t
þ @ H0uhg

� �
R@h

þ @ H0uzg
� �
@z

¼ 0 [5]

qH0 @uhg
@t

þ uhg
@uhg
R@h

þ uzg
@uhg
@z

� �
¼ �H0 @Pg

R@h
� 1

2
qkzguhguzg

þ 1
2
q0:25kf uzg uhd � uhgð Þ

[6]

qH0 @uzg
@t

þ uhg
@uzg
R@h

þ uz
@uzg
@z

� �
¼ �H0 @Pg

@z
� 1

2
qu2zg � 0:25kf

� 1
2
qkzgu

2
zg

�
[7]

Perturbation in eccentricity ratio E is introduced to lin-
earize the motion equations for the land part and the groove
part. The zeroth-order perturbation equations describe a
steady, zero-eccentricity flow condition and the first-order
equations describe the pressure and flow conditions due to
seal motion. Solutions for the first-order perturbation
pressure p1 lead to the definition of the seal dynamic
coefficients, including direct stiffness, cross-coupled stiffness,
direct damping, cross-coupled damping, and direct
added mass.

Perturbation solutions for the land part
The governing Eq. [2], Eq. [3], and Eq. [4] for the land part
are expanded in the perturbation variables

H ¼ Cl0þ E/ ; p ¼ pl0 þ Epl1 ; uzl ¼ uzl0 þ Euzl1 ; uh ¼ uhl0 þ Euhl1
[8]

to yield the perturbation equations. The zeroth-order per-
turbation equations are solved analytically based on Hirs’s
turbulent lubrication theory by neglecting the changes in
uzl0 along the axial direction. The zeroth-order circumferen-
tial-momentum and axial-momentum equations are as fol-
lows:

@uhl0
@z

¼ � kzl
Cl0

Rxþ kzl
C

uhl0 [9]

Cl0
@pl0
@z

¼ � qkzlu
2
zl0 [10]

4 L. ZHAI ET AL.



It is assumed that uhl0¼ uhlin when z¼ 0. Thus, the inte-
gration of Eq. [9] yields the relationship

uhl0 ¼ uhin � a0Rxð Þe� a0z þ a0Rx [11]

where a0 ¼ � kzl=Cl0.
Substituting Eq. [8] into Eq. [2], Eq. [3], and Eq. [4]

yields the first-order perturbation equations for the land
part, including the continuity equation, the circumferential-
momentum equation, and the axial-momentum equation. By
ignoring the higher derivatives, the first-order perturbation
equations can be simplified as follows:

Cl0

R
@uhl1
@h

þ @/
@t

þ 1
R
uhl0

L0@�u
@h

� �
þCl0

@uzl1
@z

¼ 0 [12]

� Cl0

qR
@pl1
@h

� kzl uzl1 Rx� uhl0ð Þ� uzl0uhl1½ �

¼ Cl0
@uhl1
@t

þ 1
R
Cl0uhl0

@uhl1
@h

þCl0uhl0
@uhl1
@z

þCl0uzl1
@uhl0
@z

þ L0�/uzl0
@uhl0
@z

[13]

@uzl1
@t

þ uhl0
@uzl1
R@h

þ uzl0
@uzl1
@z

¼ � @pl1
@z

þ �uL0

Cl0

@pl0
@z

� 2qkzl
Cl0

uzl1uzl0

[14]

where L0 ¼ Ll=cos a and the first-order perturbation terms
uzl1, uhl1, and pl1 are all functions of z, t, and h. Solutions
for the preceding equations must satisfy the circumferential
continuity conditions:

Pl1 z; t; hð Þ ¼ Pl1 z; t; hþ 2pð Þ
uhl1 z; t; hð Þ ¼ uhl1 z; t; hþ 2pð Þ
uzl1 z; t; hð Þ ¼ uzl1 z; t; hþ 2pð Þ

[15]

Thus, the following solution format is assumed

Pl1 z; t;uð Þ ¼ Pl1c z; tð Þcoshþ Pl1s z; tð Þsinh
uhl1 z; t;uð Þ ¼ uhl1c z; tð Þcoshþ uhl1s z; tð Þsinh
uzl1 z; t;uð Þ ¼ uzl1c z; tð Þcoshþ uzl1s z; tð Þsinh

[16]

By introducing the complex variables shown in Eq. [17],
the first-order perturbation circumferential-momentum
equation, axial-momentum equation, and continuity equa-
tion can be obtained as Eq. [18], Eq. [19], and Eq. [20]
respectively:

uz1 ¼ uz1c z; tð Þþ iuz1s z; tð Þ ¼ uz11 zð ÞeiXt
uh1 ¼ uh1c z; tð Þþ iuh1s z; tð Þ ¼ uh11 zð ÞeiXt
p1 ¼ p1c z; tð Þþ ip1s z; tð Þ ¼ p11 zð ÞeiXt
/ ¼ � 1

E
xþ iyð Þ ¼ R0

Cl0
eiXt

[17]

@uhl1
@z

þ uzl1 � 1
uzl0

@uhl0
@z

þ 1
Cl0uzl0

kzl Rx� uhl0ð Þ
� �

þ uhl1 � � kzl
Cl0

� i
1
R
uhl0
uzl0

þ i
X
uzl0

� �
� i

1
qRuzl0

� pl1 ¼ R0

Cl0E
@uhl0
@z

[18]

@pl1
@z

þ uzl0 i
uhl1
R

þ i
R0

Cl0E
X� uhl0

R

� �� �

þ uzl1 i X� uhl0
R

� �
þ 2qkzl

Cl0
uzl0

� �
¼ � R0

Cl0E
� @Pl0
@z

[19]

@uzl1
@z

� i
1
R
uhl1 ¼ i

R0

Cl0E
X
Cl0

� uhl0
Cl0R

� �
[20]

where X is the whirling velocity.
A nondimensional matrix equation demonstrated as Eq.

[22] is obtained by introducing the variables

uhl1 ¼ �uhl1 � Rx ; uzl1 ¼ �uzl1 � Rx ; pl1 ¼ qu2zl0�pl1 [21]

into Eq. [18], Eq. [19], and Eq. [20]:

d
dz

�ulz1

�ulh1
�pl1

8<
:

9=
;þ E½ �

�ulz1

�ulh1
�pl1

8<
:

9=
; ¼

i
R0

Cl0E
L0

Rx
X
Cl0

� uhl0
Cl0R

� �
L0

Rx
� R0

Cl0E
� @uhl0

@z

� R0

Cl0E
� @Pl0
@z

� i
1

qu2zl0
� R0

Cl0E
X� uhl0

R

� �

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

[22]

where E11 ¼ E13 ¼ E33 ¼ 0, E12 ¼ � i 1R L
0, E32 ¼ x

quzl0
,

E21 ¼ L0 1
uzl0

@uhl0
@�z þ 1

Cl0uzl0
kzl Rx� uhl0ð Þ

h i
,

E31 ¼ 1
qu2zl0

Rx i X� uhl0
R

� �þ 2qkzl
Cl0

uzl0
h i

,

E22 ¼ L0 � � kzl
Cl0

� i 1R
uhl0
uzl0

þ i X
uzl0

� 	
, and E23 ¼ � i L0

Rx � u2zl0
Ruzl0

.

The following three boundary conditions for the land
part are specified for the solution of Eq. [22]:

a. The exit first-order perturbation pressure is zero, that
is,

�pl1 1ð Þ ¼ 0 [23]

b. The entrance first-order perturbation circumferential
velocity is zero, that is,

�uhl1 0ð Þ ¼ 0 [24]

c. The pressure-loss-induced boundary conditions at the
entrance is simplified as

�pl1 0ð Þ ¼ �Rx 1þ nzinð Þ�uzl1 0ð Þ=uzl0 [25]

A series of numerical solutions for �uzl1; �uhl1, and �pl1 can
be aquired by solving Eq. [22] using the target method and
Newton–Raphson method combined with the boudary con-
ditions. Thus, the first-order pressure distribution within the
land part along the axial direction can be obtained and be
expressed as

�pl1 zð Þ ¼ r0
E

� �
f1c zð Þþ if1s zð Þ½ � [26]

The flow-induced force components acting on the rotor
due to shaft motion are represented as
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Fxl tð Þ ¼ � ERL0qu2
zl0

XIs
n¼1

2
64 Is � Ls � 1ð Þ

ðunþ 1=2

un

ð1
0
f1c cosu dzdu

þ Is � Ls
ðunþ 1

unþ 1=2

ð1
0
f1c cosu dzdu

3
75

[27]

Fyl tð Þ ¼ � ERL0qu2
zl0

XIs
n¼1

2
64 Is � Ls � 1ð Þ

ðunþ 1=2

un

ð1
0
f1s sinu dzdu

þ Is � Ls
ðunþ 1

unþ 1=2

ð1
0
f1s sinu dzdu

3
75

[28]

Definition of the flow-induced forces can be simplified
by performing the integration at a time when the rotating
displacement vector is pointing along the X axis, that is,
when t¼ 0. At this time, Fxl and Fyl are both functions of X
for the reason that f1c and f1s are functions of X. Moreover,
at this time, the force components Fxl and Fyl are equal to
the radial force component Frl and circumferential force
component Fhl, respectively, which can be expressed as

� Fxl ¼ � Frl ¼ E Kl þ 120pclX�Ml 120pXð Þ2

 �

[29]

� Fyl ¼ � Fhl ¼ E kl þ 120pClXð Þ [30]

Substitution from Eq. [27] and Eq. [28] yields

� ERL0qu2
zl0

XIs
n¼1

2
64ðIs � Ls � 1Þ

ðunþ 1=2

un

ð1
0
f1c cosu dz du þ Is � Ls

�
ðunþ 1

unþ 1=2

ð1
0
f1ccosu dzdu

3
75 ¼ � E Kl þ 120pclX � Mlð120pXÞ2


 �

[31]

ERL0qu2zl0
XIs
n¼1

2
64 Is � Ls � 1ð Þ

ðunþ 1=2

un

ð1
0
f1ssinu dzdu þ Is � Ls

�
ðunþ 1

unþ 1=2

ð1
0
f1ssinu dzdu

3
75 ¼ E kl þ 120pClXð Þ [32]

Hence, the dynamic coefficients (Kl, kl, Cl, cl, Ml) can be cal-
culated by first evaluating the left-hand side of Eq. [31] and
Eq. [32] for the frequency set (X/x: 0, 0.5, 1.0, 1.5, 2.0),
then performing a least-square calculation.

Perturbation solutions for the groove part
By introducing perturbation variables shown in Eq. [8] into
Eq. [5], Eq. [6], and Eq. [7], the first-order perturbation
equations for the groove part including the continuity equa-
tion, the circumferential-momentum equation, and the

axial-momentum equation are obtained and shown as Eq.
[33], Eq. [34], and Eq. [35]:

Cg0

R

@uhg1
@h

þ @/
@t

þ 1
R
uhg0

L
00
@�/
@h

� �
þCg0

@uzg1
@z

¼ 0 [33]

� Cg0

qR

@Pg1
@h

� 1
2
kga uzg1uhg0 þ uzg0uhg1½ �

þ 1
2
0:25kf uzg0uhg1 þ uzg1 ud0 � uhg0ð Þ
 �

¼Cg0
@uhg1
@t

þ 1
R
Cg0uhg0

@uhg1
@h

þCg0uhg0
@uhg1
@z

[34]

@uzg1
@t

þ uhg0
@uzg1
R@h

þ uzg0
@uzg1
@z

¼ � @Pg1
@z

�
�/L

00

Cg0

@Pg0
@z

� q
2Cg0

uzg1uzg0 0:25kf þ kzg
� � [35]

where L
00 ¼ Lg=cos a.

Nondimensional matrix equations for the groove part are
obtained by introducing complex variables and nondimen-
sional variables that are similar to those shown in Eq. [17]
and Eq. [21] for the land part. The matrix equations are
shown:

d
dz

�ugz1

�ugh1

�pg1

8>><
>>:

9>>=
>>;þ F½ �

�ugz1

�ugh1

�pg1

8>><
>>:

9>>=
>>;

¼
i
R0

Cg0E
L

00

Rx
X
Cg0

� uhg0
Cl0R

 !

0

� R0

Cg0E
� @Pl0
@z

� i
1

qu2zg0
� R0

Cg0E
X� uhg0

R

� �

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

[36]

where F11 ¼ F13 ¼ F33 ¼ 0, F12 ¼ � i 1R L
00
, F32 ¼ x

qugl0
,

F22 ¼ L
00 � � uzg0

2Cg0
kzg � 0:25kf
� �� i 1

R
uhg0
uzg0

� X
uzg0

� 	h i
,

F21 ¼ L
00

Rx � 1
2Cg0uzg0

kzg � 0:25kf udm � uhg0ð Þ

 �þ i XL

00

uhg0Rx
� L

00

R2x

� 	
,

F31 ¼ 1
qu2zg0

Rx i X� uhg0
R

� 	
þ q kzg þ 0:25kfð Þ

2Cg0
uzg0

� �
,

and F23 ¼ � i L
00

Rx � u2zg0
Ruhg0

.

Boundary conditions demonstrated in Eq. [37] are used
to solve the matrix equation of the groove part:

�pg1 1ð Þ ¼ 0; �uhg1 0ð Þ ¼ 0; �pg1 0ð Þ ¼ �Rx 1þ nzinð Þ�uzg1 0ð Þ=uzg0
[37]

First-order pressure distribution within the groove part
along the axial direction can be obtained and be expressed
as

�pg1 zð Þ ¼ r0
E

� �
f2c zð Þþ if2s zð Þ½ � [38]

The flow-induced force components acting on the rotor due
to shaft motion are represented as
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Fxg tð Þ ¼ � ERL
00
qu2

zg0

XIs
n¼1

2
64 Is � Ls � 1ð Þ

ðunþ 1=2

un
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0
f2ccosu dzdu

þ Is � Ls
ðunþ 1

unþ 1=2
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0
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3
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[39]

Fyg tð Þ ¼ � ERL
00
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2
64 Is � Ls � 1ð Þ
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un

ð1
0
f2ssinu dzdu

þ Is � Ls
ðunþ 1

unþ 1=2

ð1
0
f2ssinu dzdu

3
75

[40]

Similar to the solution method of the land part, a set of
equations for the whirling velocity X can be obtained as Eq.
[41] and Eq. [42]. The dynamic coefficients for the groove
part (Kg, kg, Cg, cg, Mg) can also be calculated by first evalu-
ating the left-hand side of Eq. [41] and Eq. [42] for the fre-
quency set (X/x: 0, 0.5, 1.0, 1.5, 2.0) and performing a
least-square calculation:

� ERL
00
qu2

zg0
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2
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un
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0
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�
ðunþ 1
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0
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3
75 ¼ � E Kg þ 120pcgX � Mgð120pXÞ2

h i

[41]

� ERL00
qu2

zg0

XIs
n¼1

2
64 Is � Ls � 1ð Þ

ðunþ 1=2

un

ð1
0
f2ssinudzdu þ Is � Ls

�
ðunþ 1

unþ 1=2

ð1
0
f2ssinudzdu

3
75 ¼ E kg þ 120pCgX

� �
[42]

Rotordynamic characteristics of SGLS
The rotordynamic coefficient matrix of a spiral-grooved liquid
seal respresents the summation of the cofficients of the land
and the groove part. A calculation program is developed based
on the numerical method proposed in this article. Figure 3
illustrates the main sequential steps of the procedure.

Numerical example and discussion

Most experimental research on the characteristics of spiral-
grooved seals focused on the seals with grooves on the sta-
tor, including the experimental work by Kanki (15), Childs
(17–19), and Nagai (11). Among these researchers, Iwatsubo
(16) conducted a series of experiments on the leakage rates
and dynamic characteristics for six spiral-grooved seals,

including one with the grooves on the rotor. The test rig
and the measurement method of Iwatubo are quite different
from those of the Texas A&M turbomachinery laboratary.
In his apparatus, two ball bearings are used to yield the
rotating and whirling motions of the rotor. An inside sleeve
and an outside sleeve that have 0.05mm eccentricity to each
other are attached between the two bearings. By rotating the
two eccentric sleeves relatively, an arbitrary whirling ampli-
tude can be adjusted in the range of 0mm to 0.1mm. The
sleeves of both sides are synchronously driven by a motor
through timing belts to obtain a whirling motion. The whirl-
ing speeds and their directions are controlled by an electric
inverter. The rotating speed and the direction of the rotor
can also be changed by the other motor controlled by an
electric inverter (35). Variables such as rotating speed, whirl-
ing speed, pressure, leakage flow rate, and displacement of
the rotor are obtained by the measuring system. Most
importantly, the fluid forces acting on the stator are meas-
ured by load cells. The dynamic characteristics can be calcu-
lated by the measured forces under different whirling
speeds. In the present analysis, comparisions are conducted
between the experimental results of Iwatsubo and the theor-
etical solutions to verify the analysis method presented in
this article. The detailed geometric parameters of the model
seal, working fluid properties, and operating conditions are
demonstrated in Table 1.

Figure 4 compares the measured and predicted leakage
rates of the model seal at different rotating speeds. It is
observed that the predicted leakage rate decreases substan-
tially with the increasing rotating speed, which is in accord-
ance with the experimental results. However, the prediction
error increases from 1.6% to 9% with the rotating speed.
This consistent discrepancy is due to the influence of con-
vective inertial effects, which is one of the predominent fac-
tors causing groove–land discontinuities and is neglected in

Figure 3. Program flow chart.
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the steady-flow characteristics analysis in Vohr’s equations
(2). In essence, these inertial effects cause a sharp reduction
in pressure when the flow exits from the deeper groove
region into its narrower land region, while most of the pres-
sure loss is not recovered when the flow exits from the land
region into the next groove. Therefore, the spiral grooves
have a larger effective resistance to flow than the predicted
one considering turbulent flow shear resistance alone, which
results in the overestimated leakage flow.

Figures 5a, 5b, 5c, 5d, and 5e illustrate the direct stiffness,
cross-coupled stiffness, direct damping, cross-coupled damp-
ing, and direct added mass changes with the increasing
rotating speed, respectively. Experimental results, prediction
results of Iwatsubo, and the results using the proposed solu-
tion method of this article are also compared in Figure 5.

It is observed in Figure 5a that the rotating speed has lit-
tle influence on the changes of the direct stiffness coeffi-
cient. Both the solution method proposed in this article and
the method of Iwatsubo overpredict the direct stiffness
value. The maximum discrepancy between the experimental
results and the predicted results of this article is within 9%,
while the discrepancies of Iwatsubo are more than 20%.
Compared to the the direct stiffness, cross-coupled stiffness
is more sensitive to the changes of rotating speed, as shown
in Figure 5b. The experimental results of cross-coupled stiff-
ness and the predicted ones of this article show a parabolic
increase with the rotating speed; however, the results of
Iwatsubo show a linear change. Besides, the growth rate of

experimental results is much faster than the results based on
the two solution methods. The minimum errors of both
solution methods occur at the rotating speed of 1000rpm,
and the errors become larger with increasing rotating speed.
As illustrated in Figure 5c, the measured direct damping
cofficients show a 16% increase as the rotating speed is
raised from 500 rev/min to 3500 rev/min. However, the cal-
culation values of Iwatsubo remain around 295N-s/m and
the calculation results of the authors’ method decrease with
the increasing speed. The calculation results of both meth-
ods are always smaller than the experimental ones in the
shown examples. Besides, the proposed method in this art-
icle has higher calculation accuracy of direct damping at
lower rotating speed. The increasing discrepancies with
rotating speed between experimental and theoretical cross-
coupled stiffness and direct damping are probably because
of the changes of circumferential Reynolds number and inlet
flow conditions. Essentially, the cross-coupled stiffness coef-
ficient k yields a “driving” tangential contribution in the dir-
ection of rotation, while the direct damping coefficient C
develops a drag force opposing the tangential velocity. Both
coefficients are sensitive to circumferential variables, espe-
cially the circumferential Reynolds number and preswirl vel-
ocity. As the rotational speed increases, the preswirl effects
are gradually strengthened, causing a substantial increase in
preswirl speed, which is one of the key factors affecting
cross-coupled stiffness coefficients.

It is also indicated in Figure 5d that both the measured
cross-coupled damping coefficients and the predicted results
of this article are negative, and change little with the rotat-
ing speed. The calculation results of Iwatsubo are positive,
and are more sensitive to the changes of rotating speed.
Besides, the absolute values of the coefficients calculated
using the method proposed in this article are much closer to
the experimental results, compared to the calculation values
of Iwatsubo. Through the comparisions with experimental
results, it is obvious that both theoretical methods failed to
predict the added mass coefficients. The measured values
are almost two orders of magnitude larger than the theoret-
ical ones, as shown in Figure 5e. This is probably because
except for the inertia added mass generated by the seal, the
experimental mass terms contain the contribution of the
fluid in the test stator entrance and discharge chambers.

Figure 6 and Fig. 7, which compare the experimental
force coefficients Fr/E and Fh/E, which can be calculatd from
Eqs. [29] and [30] with predicted results using two methods,
are illustrated as supplementary proofs of the analysis
method proposed in this article. It is shown in Fig. 6 that
the radial force coefficient Fr/E changes little with the
increasing rotating speed at a whirling speed of 600 rev/min.
And the changing trends of the experimental and theoretical
force coefficient are all consistent well with trends of the
direct stiffness. That’s because in this calculation model, the
direct stiffness contributes nearly 90% to the radial force,
which is in line with its definition of describing the magni-
tude of radial support. Compared with the measured cir-
cumferential forces, both theoretical analysis methods
underestimate the variation of circumferential force with

Table 1. Geometric parameters and operating conditions of the model SGLS.

Item Value

Rotor diameter (mm) 70.5
Radial clearance (mm) 0.175
Seal length (mm) 35.25
Groove depth (mm) 1.2
Groove width (mm) 1.6
Land width (mm) 1.6
Number of thread 4
Spiral angle (�) 3.32
Dynamic viscosity (mPa-s) 1.009
Fluid density (kg/m3) 1000
Kinematic viscosity (m2/s) 1.006 � 10�6

Pressure difference (MPa) 0.588
Rotating speed (rev/min) 500–3500

Figure 4. Leakage flow rate versus rotating speed.
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rotating speed. Referring to the composition equation of cir-
cumferential force shown as Eq. [30], it can be drawn that
the cross stiffness and direct damping have equivalent effects
on the magnitude of circumferential force. However, with
the increase of whirling speed, direct damping will become
the dominant factor. As can be seen from Figure 7, calcu-
lated circumferential force coefficients Fh/E at a rotating
speed of 500r/min agree well with the measured ones, show-
ing a linearly decrease as the X/x ratio increases. Note that
the predicted radial force coefficient Fh/E using the present

method shows the same qualitative tendencies with the
measured results as the whirling speed changes. The coeffi-
cient decreases first with the decreasing backward whirling
speed, then increases with the increasing forward whirling
speed. However, Iwatsubo’s solution results show an oppos-
ite change with the increasing forward whirling speed.

In general, compared to the theoretical results of
Iwatubo, the present analysis method leads to an improved
accuracy of stiffness, damping, and hydraulic force predic-
tion, especially for the circumferential variables and the

Figure 5. (a) Direct stiffness versus rotating speed. (b) Cross-coupled stiffness versus rotating speed. (c) Direct damping versus rotating speed. (d) Cross-coupled
damping versus rotating speed. (e) Direct added mass versus rotating speed.
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variables related to them. This improvement is largely due
to the better description of the fluid flow within the seal
clearance. In fact, the circumferential shear stresses caused
by the inlet prerotation and the rotation of the shaft will
motivate the whirling motion of the rotor, then affect the
flow field details such as velocity and pressure distribution
within the seal clearance, and finally affect the hydraulic
forces and equivalent dynamic characteristics of the seal.
Therefore, the governing equations considering circumferen-
tial momentum equation and circumferential velocity per-
turbation terms lead to more accurate pressure distribution,
hydraulic forces, and equivalent dynamic characteristics.

Conclusion

A theoretical analysis method for leakage flow rate and
dynamic characteristics of spiral-grooved liquid seals is pro-
posed based on the studies of Iwatsubo (5) and Childs (32).
In this method, governing equations and the solutions tak-
ing account of the circumferential velocity perturbation
change with the axial location of the land part and the
groove part are respectively built. Moreover, the accuracy of
the analytical method was verified by comparison with the
experimental results conducted by Iwatsubo, including leak-
age rates, direct stiffness, cross-coupled stiffness, direct
damping, cross-coupled damping, direct added mass coeffi-
cients, radial force, and circumferential force coefficients.
According to the comparisons, the trends of the theoretical
and experimental stiffness coefficients are consistent. The
present analytical method overpredicts the leakage flow rate
with an error of less than 10%. The predicted direct stiffness
and cross-coupled stiffness of the present solution method
correlate well with the experimental evidence. The predicted
direct damping coefficients of this article show an opposite
change with the rotating speed compared to the experimen-
tal results with a maximum error of 27%. Besides, the calcu-
lation accuracy of cross-coupled damping is raised
substantially compared to the solution method of Iwatsubo.
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Appendix A

Steady flow characteristics of spiral-grooved liquid
annular seal

An adequate discussion of the steady flow characteristics of spiral-grooved
seal is conducted in Iwatsubo et al. (5). Most of the main equations used
in the present analysis are demonstrated in this appendix. Vohr’s theoret-
ical analysis and experimental analysis for spiral grooves are used to
describe the pumping effects in Iwatsubo’s theory. The equivalent pressure
induced by the turbulent pumping flows is as follows:

DPpumping ¼ 0:0159Reh
0:778 � 6lRxLs

Cl0
2

� Llg 1� Llgð Þ Ke
3 � 1ð Þ Ke � 1ð Þtana

Ke
3 1 þ tan2að Þ þ Llg 1 � Llgð Þ Ke

3 � 1ð Þ2tan2a
(A.1)

where Llg ¼ Ll= Ll þ Lgð Þ, Ke ¼ T= TþCl0ð Þ. The preceding equivalent
pressure difference due to turbulent pumping action is reported to be
accurate to within 5% when overall Reynolds number within the seal
clearance is above 5000 and the grooves parameters are preferably sub-
ject to the conditions that a � 15�, Cl0/(Cl0þT)> 3.6, and 0.2< Lg/(Lg
þ Ll)< 0.8.

Pressure equilibrium in the g-direction within the land region:

P�DPpumping ¼ 1
2
q 1þ nlgin
� �

ulg0
2 þ 1

2
q 1� nlgout
� �

ulg0
2

þ 1
2
qklgulg0

2 2Ls
Cl0sina

(A.2)

Pressure equilibrium in the f-direction within the groove region:

P�DPpumping ¼ 1
2
q 1þ nggin
� �

ugg0
2 þ 1

2
q 1� nggout
� �

ugg0
2

þ 1
2
qkggugg0

2 Lg
Requ � sina

(A.3)

where Requ ¼ Lg Cl0 þTð Þ=2 Lg þCl0 þT
� �

.
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The steady flow velocities in axial and circumferential directions
uhl0, uzl0, uhg0, and uzg0 are obtained from the previous calculation
results of ugl0, ufl0, and ugg0 by coordinate translation shown here:

uhl0 ¼ Rx� ulg0cosaþ ulf0sina uzl0 ¼ ulg0sinaþ ulf0cosa
uhg0 ¼ Rx� ugg0cosa uzg0 ¼ ugg0sina

(A.4)

The total leakage flow rate Q for spiral-grooved seals is the result of
leakage flow of the land parts and the groove parts, shown here:

Q ¼ Ql þQg ¼ pCl0 2 RþTð ÞþCl0½ �Llguzl0
þ IS

1
2
Lg 2Cl0 þ Lg tanh
� �

ugg0sinaþ
Cl0Lg
tanh

ulf0

� �
þ p TþCl0ð Þ 2RþTþCl0ð Þ 1� Llgð Þuzg0

(A.5)

Governing equations of spiral-grooved liquid seals

Figure 8 illustrates a differential element of fluid having dimensions
Rdh, dz, and H(z, h, t). The upper and lower surfaces of the element
correspond to the rotor and the stator surfaces, which have velocities
of Rx and zero, respectively. Under the assumptions of “fine groove
theory,” the continuity and momentum equations are built and repre-
sented as follows.

Bulk-flow continuity equation:

@H
@t

þ @ Huhð Þ
R@h

þ @ Huzð Þ
@z

¼ 0 (A.6)

Circumferential-momentum equation:

qH
@uh
@t

þ uh
@uh
R@h

þ uz
@uh
@z

� �
¼ �H

@P
R@h

þ sh
H
0

���� (A.7)

Axial-momentum equation:

qH
@uz
@t

þ uh
@uz
R@h

þ uz
@uz
@z

� �
¼ �H

@P
@z

þ sz
H
0

���� (A.8)

Flow within the land part was simplified as the flow between two
parallel plates. The flow within the groove land is divided into the jet
flow region and the vortex region. Hirs’s turbulent lubrication theory is
used to describe the shear stresses in the preceding equations. Hence,
the fluid shear stress both in the axial direction and in the circumfer-
ential direction of the land part and the groove part can be repre-
sented as:

szl
H
0

¼ � qkzlu
2
zl

���� (A.9)

szg
H0

0
¼ � 1

2
qu2zg 0:25kf þ kzg

� ����� (A.10)

shl
H
0

¼ � qkzluzl uhl � 1
2
Rx

� ����� (A.11)

shg
H0

0
¼ 1

2
q0:25kf uzg uhd � uhgð Þ�

1
2
qkzguhguzg

���� (A.12)
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