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Compressibility of Liquids: Current 

Methods and Future Directions

Thank you for joining us today. 

The presentation will begin at:

10:30 a.m. Central

8:30 a.m. Pacific

9:30 a.m. Mountain

11:30 a.m. Eastern
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ωSTLE offers a variety of 
educational opportunities 
including on-site courses 
and our brand-new online 
education

ωBrowse, purchase, access 
and track your education   
in one convenient place

ωFor details on available 
courses and upcoming 
events, visit: 
www.stle.org/university

STLE University
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Presenter Introduction

ωDr. Ashlie Martini

ςPhD in Mechanical 
Engineering

ςAssistant Professor at Purdue 
University

ςSTLE Board of Directors

ςTLT Magazine Contributor

ςSTLE Nanotribology Technical 
Committee
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Compressibility of Liquids: Current 
Methods and Future Directions

Dr. Ashlie Martini
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ωWhat is compressibility

ωWhy and when is it important

ωHow is it measured 

ωEmpirical models

ωPredictive modeling

ωModel validation

ωBulk vs thin film compressibility

ωFuture directions

Outline
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ωChange of density with pressure

ς́ / 0́ = Density at Pressure / Ambient Density

ςV0/V = Ambient Volume / Volume at Pressure

What is Compressibility

6

/́ 0́ = (m/V)/(m/V0)=V0/V

/́
0́

V
0
/V

J. Chem. Thermodynamics 42 (2010) 84ς89
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What is Compressibility
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ωBulk modulus

ωPressure to cause a given decrease in volume

ωElasticity of the liquid

ωUnits of pressure

ωReciprocal of compressibility

ωLarger bulk modulus Ą less compressible
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What is Compressibility
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ωSecant bulk modulus: K=V0ϊҟtκҟ±

ωIf P0=1atm, then K=V0ϊtκҟ±

ωTangent bulk modulus: ̡Ґ±όҜtκҜ±)

ωNear V/V0~1, ̡ can be linearly approximated as K

V0Volume
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What is Compressibility
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ωPressure-dependence of the isothermal bulk 
modulus for liquids

Mineral Oil Water Water Glycol Water in Oil 
Emulsion

Phosphate 
Ester

K0, 30 C 18.1 kbar 22.4 kbar 31.1 kbar 19.0 kbar 25.0 kbar

m 5.6 3.4 4.5 5.0 5.5
Hydraulic Control Systems, N. Manring

Linear approximation: 
K=K0+mP
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What is Compressibility
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ωTemperature-dependence

K=K0+mP

K0=f(T)

K
0

(k
b

a
r)

Temperature (°C)
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What is Compressibility
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ωNote the difference between thermal expansion and 
the effect of temperature on compressibility

ωEffect of temperature on density is characterized by the 
coefficient of thermal expansion, h=-(1/ ύ́ϊҜκ́Ҝ¢

10-4/ C Mineral Oil Water

,h 40 C 7.00 3.60

,h 80 C 7.00 6.24

,h 120C 7.00 8.40

ωTemperature also affects the rate of 
change of density with pressure 
(bulk modulus)

Hydraulic Control Systems, N. Manring
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What is Compressibility
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ωNomenclature

ωAmbient volume, V0, is the volume at atmospheric 
pressure (P=1atm, Pg=0) and some temperature

ωRelative volume, VR, is the volume at some pressure and 
T=TR (reference temperature)

V
0
/V

V
R
/V

VR=V(Pg=0.2 GPa, TR=20°C)

V=V(Pg=0.2 GPa, T=120°C)

VR/V>1

High Pressure Rheology for Quantitative Elastohydrodnamics, S. Bair
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Why is it Important

(who cares about compressibility?)
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Why and when is it Important
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A typical oil will decrease about 
0.5% in volume for every 1000 psi 

(~7 MPa) increase in pressure

Volume change is important for 
high pressure applications
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Why and when is it Important
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ωElastohydrodynamiclubrication (EHL)

ςTypical pressures on the order of 1GPa

ωHydraulics

ςLow pressure ~ 7 MPa(gerotorpump)

ςMedium pressure ~ 21 MPa(gear and 
vane pumps)

ςHigh pressure ~ 42 MPa(Radial and axial 
piston pumps) 



Webinar Series
Association Equipment Manufacturers

Why and when is it Important
ωEHL is characterized by high pressures and thin films

(GPa) (µm)

Fundamentals of Fluid Film Lubrication, Hamrock, Schmid, Jacobson
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Why and when is it Important

ωThe EHL film thickness is directlyaffected by 
compressibility

h =hincomp(V/V0)

V/V0 < 1

h < hincomp

Venner, C. H., Bos, J. Wear 173, 151-165 (1994). 
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Why and when is it Important
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ωEHL case study:

ςP=1 Gpa=10 kbar, T=30°C, Mineral Oil

K~K0+mP
K~(18.1 kbar)+(5.6)(10 kbar)
K~74.1 kbar

K=V0ϊtκҟ±
V/V0=1-P/K
V/V0=1-10/74.1
V/V0=0.86

h/hincomp~V/V0=0.86 Ą ~15% thinner film

Mineral Oil

K0, 30 C 18.1 kbar

m 5.6
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Why and when is it Important
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Film parameter:

Friction coefficient:

Fundamentals of Fluid Film Lubrication, Hamrock, Schmid, Jacobson
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Why and when is it Important
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ÅHydraulics

ïLoaded actuator doesnôt move until fluid 

upstream is compressed

ïEnergy stored in fluid causes actuator to 

keep moving after the valve is closed

Efficiency 

Loss

Must be accounted for in 

accurate predictions of 

performance
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Why and when is it Important
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10,000 lb

ҟXin ҟXout

A=19.6 in2 ÅIf there is no power 

loss due to 

compression, input 

and output 

displacement will be 

the same
ҟXcomp=ҟVcomp/A =ҟXin-ҟXout

ҟVcomp= PV0/K

ҟVcomp= (F/A)(AL)/K =(10,000 lb)(4 in)/(2.2x105 psi)

ҟVcomp=0.18 in3

K=2.2x105 psi
L = 4 in

Leads to power loss

Fluid Power System Dynamics
W. Durfeeand Z. Sun
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Why and when is it Important
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ωPower loss in hydraulic actuators

WLҐtϊҟVcomp

ҟVcomp=V0ϊtκY

WL=P2ϊ±0/K

Power loss due to compressibility decreases with 
increasing bulk modulus

hpL=P2ϊ±0/(Yϊǘ)

WLҐtϊҟVcomp=(F/AύϊҟVcomp

WL=(10,000 lb / 19.6 in2ύϊό0.18 in3)=92 in-lb
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Why and when is it Important
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ωHydraulics case study:

ς3000 psig system

ςK=200,000 psi

ςStroke 10 in

ςResponse 100 Hz

ςPower Loss=6.75 hp/in2

Hydraulics and Pneumatics, HF George and A Barber
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How is it Measured

(ok so ƛǘΩǎ ƛƳǇƻǊǘŀƴǘΧƘƻǿ Řƻ L ƎŜǘ ƛǘΚύ
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How is it Measured
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ω1661: Florentine 
Academicians Ą
Water is NOT 
compressible

ω1761: John Canton Ą
¸Ŝǎ ƛǘ ƛǎΧ
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How is it Measured

Pl0

A

x

ωConceptual measurement:

V0=l0A
V=A(l0-x)

K=l0ϊtκόl0-x)]

K=V0ϊPκҟV
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How is it Measured

ωDilatometer

ςPiston/cylinder arrangement 
where the cylinder provides the 
pressure containment

ςDisplacement of piston is 
measured to find compression

ςErrors in both the volume 
compression and the pressure 
arise from deformations of the 
cylinder

High Pressure Rheology for Quantitative Elastohydrodnamics, S. Bair
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How is it Measured

ωDifferential dilatometer

ςExperiment made more 
accurate by performing a 
direct measurement of 
the difference in 
compression of the 
sample and a material of 
known and low 
compressibility

ςWater has become a 
standard reference 
material

High Pressure Rheology for Quantitative Elastohydrodnamics, S. Bair
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How is it Measured

ωBellows piezometer

ςSample liquid is contained in the bellows and a bulb provides 
additional volume to improve the sensitivity

ςChange in length of the 
bellows is detected by a 
potentiometer that is 
immersed in the 
pressurizing medium along 
with the bellows

ςNow the standard 
instrument although it was 
one of the first

High Pressure Rheology for Quantitative Elastohydrodnamics, S. Bair
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A metal bellows piezometer used to measure relative volume as a 
function of temperature and pressure to 400 MPa.  The length of the 
bellows, measured with a potentiometer, is linearly related to the 
volume contained.  

How is it Measured

Potentiometer                 Bellows

S. Bair
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Empirical Models

(who has time for all those measurements)

31
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Empirical Models
ÅWhat do we do with these 

measurements?

ÅFit data to empirical 
models

ÅEmpirical models then 
used as input to other 
predictive models and 
design tools

/́
0́

32
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Empirical Models

'0
0 0

0

( , )
V

f K K
V

r

r
= =

ωMany such models exists

ωThey can be written in standard form using 
two parameters
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Empirical Models
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ωDowson-Higginson

ςVery commonly used for EHL modeling

ςOriginally obtained by curve fitting (1966) 
experimental data on mineral oil up to ~350 MPa

ς/ƻƴǘŀƛƴǎ ǘǿƻ ΨǳƴƛǾŜǊǎŀƭΩ Ŏƻƴǎǘŀƴǘǎ

ςK0=1.67 GPaand K0ΩҐ6.67

J. Mech. Phys. Solids, Vol. 35, pp. 1699-1722 (1998)
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Empirical Models

ωTait

ςConsidered to be 
more accurate at high 
pressures

ςFluid-specific data 
available for many 
common liquids

( )0
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0 0 0

1
1 ln 1 1

1
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è ø
¡= = - + +é ù

¡+ ê ú

High Pressure Rheology for Quantitative Elastohydrodnamics, S. Bair
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Empirical Models

ωMurnaghan

ςAccurate; more 
useful than Tait
under some 
conditions, 
especially for 
mineral oil

0
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High Pressure Rheology for Quantitative Elastohydrodnamics, S. Bair

36



Webinar Series
Association Equipment Manufacturers

Empirical Models

37

K00 ~ 9 Gpa

bK ~ 0.006 K-1

0
0

K
K K

T
¤= +

ωTemperature-dependence

ςK0Ω ǳǎǳŀƭƭȅ ǘŀƪŜƴ ǘƻ ōŜ ƛƴŘŜǇŜƴŘŜƴǘ ƻŦ T

2

0 0 1 2( ) ( )R RK C C T T C T T= + - + -

( )0 00exp KK K b T= -

Kқ~ -0.8 Gpa

K0 ~ 600 DtŀϊY
.

C0 ~ 1 GPa

C1 ~ -0.006 GPa/°C 

C2 ~ 10-5 GPa/°C2
Cutler et al, J ChemPhys29 (1958) 727

Bair et al, ASME J Tribol. 
123 (2001) 50

Fakhreddineand Zoller, J ApplPolymSci
41 (1990) 1087

a)

b)

c)
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Empirical Models

J. Chem. Eng. Data 2005, 50, 253-1374.
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( )0
0

0 0 0

1
1 ln 1 1

1
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è ø
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¡+ ê ú

K0Ω K00 bK

Squalane 10.85 8.824 0.006321

BCH 11.018 12.26 0.006479

Z25 11.150 5.127 0.006119

DBEB 11.786 14.49 0.006444

DOP 10.647 11.005 0.006327

( )0 00exp KK K b T= -

Decamethyl Tetrasiloxane
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Bridgman, 1949

Tait extrapolation
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Predictive Modeling

όƛǎƴΩǘ ǘƘŜǊŜ ŀ ōŜǘǘŜǊ ǿŀȅΚύ
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ωMinimize time consuming and expensive 
experiments

ωDesign new lubricants with targeted 
compressibility

ωCorrelate liquid molecular structure to 
lubricant performance

Predictive Modeling

Bair and Michael
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Predictive Modeling

Ȃ

E=k(Ȃ-Ȃo)2

Ȃo

E=k(r-r o)2

41

r o
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Predictive Modeling

E=(ro/r) 12-(r o/r) 6

r o

0

42

AttractiveRepulsive

Repulsive + Attractive



Webinar Series
Association Equipment Manufacturers

Predictive Modeling

Calculate Total 

Force on all 

Atoms

Calculate 

Acceleration of 

Each Atom

Calculate 

Velocity of Each 

Atom

Move All Atoms 

to New 

Positions

Interaction 

Model

Initial 

Positions

F=ma

v=  adtñ

U=f(r)

F=dU
dr

łr=vłt

r

r(t=0)

43
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Predictive Modeling
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ωWell-characterized model liquids

J. Chem. Eng. Data 2005, 50, 253-1374.

Carbon

Oxygen

Hydrogen
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Predictive Modeling
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Predictive Modeling

(l0-x)

Pressure
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l0
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Predictive Modeling

47

(l
0
-x

)



Webinar Series
Association Equipment Manufacturers

Model Validation

(yeah, but does it work?)
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Validation

3.2 nm
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Validation

3.2 nm = l0
6.4 nm = l0

9.6 nm = l0
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Validation

51
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Validation

52
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Validation

53

1.41% Difference

Difference

J. Chem. Eng. Data 2005, 50, 253-1374

J. Acoust. Soc. Am. 2000, 65, 108

Heptane Experimental Measurements
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Bulk vs Thin Films

(why do those little tiny gaps get so 
much attention?)

54
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Bulk vs Thin Film

Surface and Interface Analysis 2001; 32: 286ï288

Steel Ball

Glass Disk

Spectrometer

Elasto-hydrodynamic 
Lubrication

55
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Bulk vs Thin Film

56



Webinar Series
Association Equipment Manufacturers

Bulk vs Thin Film
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Bulk vsThin Film
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Bulk 
Density

%
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